number of bus drivers to evacuate transit-dependent victims of a disaster. Thus the goal of this paper is to provide practical models that can be used to better plan to meet needs of a transit agency in terms of drivers for different types of emergency evacuations. Quality of service, which is a widely used measure of reliability, is used in these models. The objective function of the problem is to minimize the total costs of extraboard management, which include agency costs and social costs. Two models are proposed to determine the optimum number of extra drivers for a predefined quality of service requirement, which is assumed to be determined by the agency itself.
The rest of the paper is organized as follows. The next section is a review of the literature about extraboard management. The following section explains the stochastic programming models used in this paper and later gives the models for the extraboard problem. Next, numerical examples using the proposed models are presented. Then the results of these various scenarios are discussed. The paper concludes with a summary of the findings and the direction for future research.
Literature review
The importance of transit operations during emergency evacuations is well established by several studies conducted after recent catastrophic events that required mass evacuations. However, development of an operational extraboard management model has not received the same level of attention as optimal routing of transit vehicles to maximize the number of people evacuated while minimizing evacuation times.
Extraboard management is studied only in the context of daily transit operations, and there is no specific study on this important problem for emergency evacuations. Although the number of studies about optimal extraboard sizing is also limited for regular operations, there is an agreement on two factors affecting the extraboard size, namely, labor contracts and the size of the fleet (1) . However these constraints can be relaxed to some extent for an emergency situation because many of the state plans described in the TRB report on transit-based evacuation suggest the usage of extra resources such as school buses and their drivers as the additional capacity (3) .
Earlier studies defining the extraboard management problem stated that for regular operations, the major cause of extraboard staff need is "open work," which is a term used for temporarily uncovered work assignments. Open work can be a result of unassigned service, nonoperating assignments, or operator absence (8) . Open work caused by absenteeism is a major issue during an evacuation operation because the risk of losing drivers might be higher, depending on the severity of the situation. This situation was underlined in the evaluation report prepared in the aftermath of Hurricanes Katrina and Rita (4) .
One of the earlier and most significant studies focusing on extraboard management for regular scheduling of transit systems was conducted by Koutsopoulos. This paper proposed models for determining the optimum number of extra operators for regular daily operations of transit systems by defining the problem at three levels: strategic, tactical, and operational. At the tactical level, determination of the required daily extraboard assignments by using the available resources was the main objective. The model attempted to minimize the expected daily difference between the available extraboard operators and the current ones who have days off. The model constraints ensured that all operators were using 2 days off per week. The author noted that the model assumes a requirement of 100% reliability. The Frank-Wolfe algorithm was used as the solution method for the continuous version of the problem. An application to a real-world example resulted in a 24% decrease per week in the expected overtime (9) .
A comprehensive discussion about the reliability and absenteeism relationship, with its role in determining optimal extraboard size, was given by Shiftan and Wilson in 1994. They started their analysis by developing a disaggregate model to understand the relationship between absenteeism and overtime (i.e., trips for which extraboard drivers are needed) and estimated the model using panel data from the Massachusetts Bay Transportation Authority. They found that absenteeism is a habit that cannot be handled by reducing overtime. In other words, even if extra effort is made to cover most of the trips with regular drivers, absenteeism will not be reduced significantly, and the only solution may be enforcements through strict monitoring. The authors did not recommend generalization of their finding because it might have been data specific. They then studied the relationship between reliability and overtime using aggregate data from the Massachusetts Bay Transportation Authority. Similar to the previous research by Koutsopoulos, they measured the reliability as the expected number of missed trips and found a strong relationship between the two parameters. They concluded that it is important to take reliability into account in strategic extraboard management models (10) .
Another related study by Shiftan and Wilson proposed a model to determine the optimal staff size for minimizing the total operating cost, considering a minimum desired service reliability constraint. The authors considered a global model with two stages. The first stage estimated the optimal total staff size (i.e., including extraboard as a function of the reliability constraint) for a given time (e.g., a month), and the second stage aimed to determine the annual hiring program and vacation day allocations. The authors calculated the number of extraboard personnel as the difference between required work and available manpower (11) .
Different aspects of transit-based evacuation modeling are also reviewed. A number of studies on modeling routing of transit vehicles for evacuation are identified. However, none of the reviewed studies incorporates constraints related to staffing in the models. A heuristic algorithm based on the vehicle routing problem was developed by Bish to model the bus-based evacuation for a threat with advance notice (12) . Transit-dependent evacuation for a no-notice disaster was also studied by Sayyady and Eksioglu. The developed model aimed to maximize the number of evacuees served during the evacuation operation (13) .
The literature search reveals that no specific model has been developed to determine the optimal extraboard sizing for transitbased evacuation planning. Therefore, the contribution of this paper is twofold. First, it defines a general extraboard management model for evacuation operations with stochastic programming methods, and second, it provides techniques capable of handling the riskaverse behavior of the decision makers as well as the system service quality. One of the key points of the modeling and solution approaches is the flexibility of the models in the specific purpose they will be used for. As a direct result of this flexibility, the proposed models can be applicable to different events and multiple regions in an evacuation area.
research MethodoLogy
Extraboard management is a complex problem because of the uncertainty of open work. The probability of a driver to show up during regular operations can be estimated by employing the historical data of absenteeism resulting from certain factors such as illness or vacation. However, this process is not straightforward because of the lack of reliable recording of precise open work data. The problem gets even more complex for emergency conditions because it is difficult to predict the behavior of driver crews struggling with their own evacuation problems. External factors such as the availability of roads for access to the main hubs also affect the probability of reporting to duty. Therefore, the problem of predicting the available number of drivers under emergency conditions is highly stochastic.
If the agency can make an adequate estimation of the probability distribution of driver availability, the extraboard management problem can be formulized as a stochastic problem for different quality of service levels. The term quality of service is used for the reliability measure of the service, which also offers flexibility for the agency or decision makers to take into account various probabilities of outcomes. For example, an agency may decide to have a higher quality of service in the shore regions during a hurricane than in inland regions to avoid extra costs. This factor also brings the concept of risk into the problem because agencies' risk-taking behavior may also be an important factor in extraboard management strategy. Therefore, in this paper, the authors present two approaches to model the risk-taking behavior of decision makers.
The models in this paper are developed for an evacuation area that can consist of several regions. The idea of dividing the evacuation area into regions ensures that every region has independent needs and the capability to hire extra staff. This assumption is made because in an emergency, connections between regions can be disturbed and staff transfer between regions may not be possible. It is also considered that the driver costs can be varied depending on the region, which can get higher as the vulnerability risk increases.
Demand for drivers is assumed to be directly related to transitdependent demand by the people affected by the specific disaster. Transit-dependent demand for evacuation may vary substantially during emergencies, but considering both demand and supply as random variables may bring additional computational difficulties. Car ownership and other socioeconomic data from census reports can be useful for deterministic demand estimation that can be used by the models presented here.
Parameters that are common to both models follow: N = number of regions; M i = number of realizations of available regular drivers at region i ∈ {1, . . . , N}; R i = random variable representing the number of available regular drivers at region i ∈ {1, . . . ,
c = cost per unit of unsatisfied demand ($); and c i x = cost for extraboard drivers ($).
The decision variable (integer) used in the models is x i = number of extraboard drivers at region i ∈ {1, . . . , N}.
Model 1
Model 1 aims to determine the optimal number of drivers for each region depending on the probability distributions for driver availabilities. Risk-averse behavior is involved in the model only in terms of a systemwide quality-of-service parameter. Thus, individual risk-taking preferences of decision makers are not captured in this model.
where z ij = unsatisfied demand when there exist R ij regular drivers with probability
. . , N}; and q service = systemwide quality of service determined by decision makers.
The model aims to minimize the overall costs of extraboard scheduling for an emergency evacuation operation. The objective function (Equation 1) has two terms representing costs. The first term in the objective function is the total expected cost for the unsatisfied demand and the second term is the driver costs for the hired extraboard staff. Unsatisfied demand brings an indirect cost that is difficult to quantify in terms of monetary units. The interpretation of this portion of the cost model can be made by considering the costs of a possible injury or fatality because of the failure of the evacuation operation. The second cost term in the objective function is a direct cost for the extra drivers, including salaries and other benefits. Therefore, the model tries to optimize the number of extraboard drivers by considering the cost burden for the operating agency. The term "quality of service" is included in the first constraint (Equation 2), which gives the flexibility to determine the optimal extraboard scheduling to the decision makers for different possible situations. Here, quality of service is defined systemwide. When its value is equal to one, the constraint (Equation 2) will be satisfied with 100% certainty. Thus, it becomes a deterministic constraint. The second and third constraints are presented in Equations 3 and 4, with the objective function force z ij to be equal to unsatisfied demand, which is max{0,
Model 1 is solved with the p-level efficient point (p-lep) technique. The p-lep algorithm for a given discrete distribution was introduced by Prekopa et al., and it is an efficient and fast way of calculating the Pareto frontiers (p-efficient points) (14) . The p-lep method has been employed in several studies for modeling evacuation operations, including measuring the probabilistic effects of road capacity constraints on shelter capacities for a hurricane evacuation (15) , evacuation network modeling (16) and inventory management for disasters (17) . [For further discussion of the theoretical background of the p-lep technique, see work by Prekopa et al. (14) , Prekopa (18) and Dentcheva et al. (19) ].
Model 2
Solving Model 1 can be computationally difficult when the number of evacuation regions is large. In this section, the authors suggest an alternative model that is linear and handles the risk by using secondorder stochastic dominance constraints. The dominance constraints require a reference distribution for the unsatisfied demand. In Model 2, the authors are interested in finding a distribution of unsatisfied demand that is at least as good as the reference distribution.
second-order stochastic dominance constraints
Model 2 uses second-order stochastic dominance constraints, which allow decision makers to obtain a random outcome from an optimization problem that is at least as good as another reference random outcome. In this case, it is said that the resulting random outcome stochastically dominates the previously given probabilistic reference outcome.
The stochastic dominance concept is defined for different orders. above the cumulative distribution of X (F X ), where F denotes the cumulative distribution function. However, first-order dominance is not always enough to explain the risk-averse behavior; therefore, higher-order stochastic dominance models are used to distinguish different risk attitudes of decision makers (20) . Integrable random variables are used and risk-averse decisions are taken, depending on the areas under the curve. In Figure 1b , Y dominates X in the second order if the area under F X is not smaller than the area under F Y for any W 0 , or in other words, a − b ≥ 0. A comprehensive analysis of stochastic dominance relationships is given by Muller and Stoyan (21) . If every risk-averse decision maker prefers an option Y to X (higher values are preferable for both), given that they have increasing concave utility functions, then Y is said to dominate X with respect to second-order stochastic dominance (SSD) and is denoted as Y ≥ (SSD) X. In this paper, the authors use another notation common in the literature:
Although stochastic dominance is popular in statistics and finance areas, it remains largely unexplored in transportation research. To the knowledge of the authors, the only related study in the literature is an optimal path problem formulated by using second-order stochastic dominance constraints for analyzing risk-averse driver behavior (22) .
Dentcheva and Ruszczynski introduce stochastic optimization problems with dominance constraints and study the optimality and duality conditions (23, 24) . Model 2, which uses second-order stochastic dominance constraints, is defined as 
where P(Z i = z ij ) = p ij is demand equal to z ij , which is not satisfied with probability p ij , and P(Y i = y il ) = f il is the reference distribution of unsatisfied demand at region i with l ∈ {1, . . . , H i }. The objective function of Model 2 is the same as that of Model 1. The first constraint (Equation 7) is introduced to find a distribution for Z i which is at least as good as the reference distribution. Therefore, the reference distribution should be one that is acceptable by both modelers and practitioners. Assume that the unsatisfied demand at region i is distributed by P(U = u il ) = f il , i ∈ {1, . . . , N}, l ∈ {1, . . . , H i } when no extraboard drivers are hired. Here H i is the number of realizations for the unsatisfied demand. The authors define q i service corresponding to an improvement for the unsatisfied demand of a region i ∈ {1, . . . , N}.
For the reference distribution of unsatisfied demand, the following is assumed:
Here ⎡a⎤ denotes the smallest integer not less than a. Because the unsatisfied demand takes integer values, (1 − q i service )u il is rounded up to the nearest integer. A similar calculation for reference distribution can be found in work by Noyan, who used second-order stochastic dominance constraints to model the risk aversion in an emergency response facility location and allocation problem (25) .
A linear formulation for the second-order stochastic dominance constrained optimization problem is introduced by Luedtke (26) . Following Theorem 3.2 of Luedtke's work, the authors obtain the formulation in Equations 12 through 15 for the dominance constraint in Equation 7:
additional constraints
Additional constraints can be included in the models. In real-world applications, there is always a budget constraint, which can be added for driver cost as follows, where UB budget is the upper bound for the budget:
Another constraint can be used to limit the total number of extraboard drivers (where UB total drivers is the upper bound for the total number of drivers), which is a sum of all drivers for all regions in the evacuation region. This bound may be determined from the licensed bus driver numbers in that region and can be included in the model as
total drivers 1
The following section presents an example that illustrates the use of these models.
case study
In this section, the authors present an example using the two models. The problem is defined for four regions with different characteristics in terms of driver demand and availability. Input parameters are selected to demonstrate the capabilities of the models. Driver demand is assumed to be deterministic, and the availability of drivers during an emergency condition is subject to change according to a probabilistic distribution. Assumed values are shown in Figure 2 .
Regions 1 and 2 have the same number of drivers for regular conditions, but Region 1 has a larger transit-dependent population under threat. Region 2 demands the lowest number of extra drivers during evacuation, indicating neither that this region is as much under risk as other regions nor that decision makers exhibit a risk-prone behavior for this region. Region 4 has the largest number of regular drivers and the need for drivers in an emergency is also the greatest.
Probability distributions depict the certainty and uncertainty of the available number of drivers during an emergency evacuation. For example, a distribution with a sharp increase for Region 3 indicates that decision makers have a strong belief that they will have a certain number of drivers with the probability of the peak point value, whereas the probabilities of the others are considerably lower. For Region 1, there is a flat distribution, which shows a higher level of uncertainty about driver availability. Table 1 shows the scenario definitions and model outputs. For most of the scenarios, extra driver requirements determined by Model 2 are usually greater than or equal to the numbers obtained from Model 1. This difference is the cause of higher total costs for Model 2. For the first eight scenarios in which unsatisfied demand cost is assumed to be in a similar range with driver costs, Model 1 seems to be more sensitive to the marginal changes in driver costs. For Scenarios 9 through 12, for which considerably higher unsatisfied demand costs are assumed, both models try to keep the extra driver numbers as high as possible.
Both models generate reasonable results under different scenarios, and it is difficult to conclude that either model is superior to the other. In a real-world setting, decision makers can use the results obtained from both models to build a range for extra workforce requirements for an evacuation operation for a number of likely scenarios ranging from a worst case scenario to an average scenario to an optimistic scenario. Incorporating different quality-of-service values will enable a comprehensive sensitivity analysis, which will provide valuable information to reduce the risk of failure in case of transporting a transit-dependent population.
Different quality-of-service levels are also tested to observe the sensitivity of the models with respect to the quality-of-service preferences. The reason for selecting the two scenarios is that Scenario 2 assumes all the cost measures in the objective function are the same, and Scenario 1 assumes the cost for unsatisfied demand is relatively higher than the cost for drivers. Therefore, sensitivity of the models is tested for two distinctly different cost structures.
The results of the sensitivity analysis are shown in Table 2 . According to Scenario 1, the results of both models are conservative Number of Drivers when the unsatisfied demand cost is assumed to be higher than the driver cost. Results of Scenario 2 show more diverse results as the qualityof-service level changes. In this case, unsatisfied demand costs are assumed to be at the same level as driver costs. Figure 3 shows the changes in total costs: that Model 2 is more sensitive to the varying quality-of-service levels than Model 1. Table 3 depicts the model results when additional constraints (budget and the number of drivers) are used. When the driver budget cap is decreased, both models try to rearrange the extraboard assignments and the total number of extra drivers decreases; however, total costs rise because of the increase in unsatisfied demand. Similar behavior can be seen for the constraint on the number of drivers as well. These results confirm that both models successfully reflect the possible changes in availability of physical and monetary resources for the evacuation operation.
hypotheticaL scenario Based on reaL-worLd data
In this section, the developed models are tested for a hypothetical evacuation scenario in northern New Jersey. A primary reason for testing the model with data from real transit operations is to observe the interpretation of unsatisfied demand cost in the proposed models; this step can be challenging for practical applications. Therefore, in this example, the authors take the unsatisfied demand cost as unknown and try to estimate its value while taking all other parameters from real examples. New Jersey has significant transit usage, and the percentage of households that do not have access to automobiles is higher than the national average (27). This population will need to use transit in an evacuation; therefore, ensuring maintenance of adequate transit service is critical. Figure 4 shows the six New Jersey counties selected as the possible evacuation regions, evacuation 1  100  100  100  100  5,000  60,000  125  105  155  195  60,000  125  102  155  190  2  100  100  100  100  100  55,605  125  100  145  185  55,916  117  99  153  189  3  1,000  100  100  100  100  162,080  115  110  160  200  161,216  117  99  153  189  4  100  1,000  100  100  100  138,100  130  90  155  195  145,016  117  99  153  189  5  100  100  100  100  100  173,657  130  110  130  195  193,616  117  99  153  189  6 Realistic probability distribution for driver availability, which is given in Figure 4 , is obtained from Metropolitan Transportation Authority bus employee lost time data, which are publicly available monthly data (http://www.mta.info/developers/) that show the number of workers who did not show up for the shift they were assigned because of illness, injury, and other reasons. The data cover 4 years (2008 to 2012) and the probability distributions are estimated for the number of unavailable drivers per 100 employees (31) . Metropolitan Transportation Authority buses operate in New York City, which is assumed to have similar characteristics to the study region in New Jersey. For real-world applications, quantification of unsatisfied demand costs is not straightforward and various risk measures should be taken into account. Previous literature focuses on the value of life for economic analysis (32) (33) (34) (35) , but no cost estimation study was found for the case of an emergency evacuation. A meta-analysis by Mrozek and Taylor reveals that the value-of-life estimations vary between $20,000 and $30.7 million per fatality (33) . Assuming a higher value of life for a mass evacuation could cause an overestimation of the social costs. Therefore, for the selected case study, estimation for the unsatisfied demand cost is performed by using the estimated budget cap. The North Jersey Transportation Planning Authority annual budget was reported as $2 billion for 2011 (36) . A rough estimation by Litman for the cost of total evacuation transportation for the transitbased population is given to be 20% of the annual budget of the transportation agency which equals to $400,000 for the study region (4). This amount is assumed to be the budget cap for the operations. Clearly, cost resulting from loss of life is an extreme situation used to test an upper bound. In real life, delay in transit service is expected to have less severe impacts, such as minor inconveniences or nonfatal injuries. Two different cases are considered. First, the high estimate assumes that the agency spends its entire available budget for transit operations. Second, the low estimate assumes that the agency spends half of its available budget for evacuation operations.
Model results are shown in Table 4 . Driver costs are assumed to be $100, $250, and $500 per one bus run. For the high estimate, unsatisfied demand costs are found to range from $1.14 million to $710,000 and for the low estimate they range from $518,000 to $82,000 for the given models. These examples show that the unsatisfied demand cost case is consistent with the existing value-of-life literature reported in the meta-analysis (33) . The cost associated with the loss of productivity and cost of injury can also be incorporated in the same cost. Therefore, further analysis can be conducted to better explain the unsatisfied demand cost. However, value-of-life analyses in the literature also consider most of these social costs, which are difficult to monetize in a generalized way. Therefore, the findings in this paper can also be used to verify the validity of the extraboard management models.
concLusion
In this study, strategic extraboard planning and management for transit-based emergency evacuations is modeled with two stochastic optimization models developed to determine the optimum number of extra drivers. Transit evacuation models in the literature generally focus on the optimization of routing, and to the best knowledge of the research team, there are no published studies analytically combining extraboard management and evacuation modeling.
The modeling methodology used in this work tries to approach this problem from a stochastic point of view because a number of uncertainties exist on the supply side. Two different stochastic programming models for the risk-taking behavior of decision makers are suggested.
The proposed models are tested with a numerical example for different cost scenarios. Model results for the case study are found to be promising for real-life applications because they allow an agency to make a reliable prediction of the need for extra drivers for evacuation planning under various stochastic constraints. Moreover, the models allow the use of a desired quality-of-service level that can be agency and event related. This kind of information allows for the better development of customized policies for each region. Finally, an interpretation of the unsatisfied demand cost is given, with a hypothetical evacuation scenario with real-world data. Estimations are found to be consistent with the existing value of life studies. The two components of the cost function (i.e., driver costs and unsatisfied demand costs) are useful in deciding the effect of a certain policy on the out-of-pocket agency costs as well as external costs to society as a result of possible injuries, loss of life, or both. There are currently no models and tools for decision makers to use to make informed decisions to determine the number of extraboard drivers they need to guarantee a certain level of service under emergency conditions. The models proposed in this paper are an attempt to address this issue and provide decision makers with a set of new reliable models. Because of the high level of uncertainty during evacuation events, stochastic models that can take into account the probabilities of a set of outcomes are developed. Proposed stochastic models can clearly help emergency planning by estimating the minimum number of drivers for different levels of quality of service under different demand, supply, and budget constraints. The immediate next step is a functionality that will allow the use of historical data for the estimation of different probability distributions required by both models. The research team also plans to implement these models in a user-friendly tool that enables users to easily create various if-then scenarios and get comparative results for quick decision making. Transportation planners can use a computer application developed with the provided models and reliability preferences developed from their own historical data for several different events where extraboard management is important.
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